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Abstract. In this paper we consider the rate of convergence of solutions 
of a scalar ordinary differential equation which is a perturbed version of an 
autonomous equation with a globally stable equilibrium. Under weak assump- 
tions on the nonlinear mean reverting force, we demonstrate that the con- 
vergence rate is preserved when the perturbation decays more rapidly than 
a critical rate. At the critical rate, the convergence to equilibrium is slightly 
slower than the unperturbed equation, and when the perturbation decays more 
slowly than the critical rate, the convergence to equilibrium is strictly slower 
than that seen in the unperturbed equation. In the last case, under strength- 
ened assumptions, a new convergence rate is recorded which depends on the 
convergence rate of the perturbation. The latter result relies on the func- 
tion being regularly varying at the equilibrium with index greater than unity; 
therefore, for this class of regularly varying problems, a classification of the 
convergence rates is obtained. 



1. Introduction 

In this paper we classify the rates of convergence to a limit of the solutions of a 
scalar ordinary differential equation 

x'(t) = -f(x(t))+g(t), t>0; x(0) = £. (1.1) 

We assume that the unperturbed equation 

y'(t) = -f(y(t)), t>0; 2/(0) = C (1-2) 

has a unique globally stable equilibrium (which we set to be at zero). This is 
characterised by the condition 

xf(x) > for x ^ 0, /(0) = 0. (1.3) 

In order to ensure that both (|1.2p and (jl.ll) have continuous solutions, we assume 

/GC(E;R), g G C([0, oo); R). (1.4) 

The condition (jl.3l) ensures that any solution of (jl.lj) is global i.e., that 

t := inf{i > : x{t) $ (—00,00)} = +00. 

We also ensure that there is exactly one continuous solution of both (jl.ll) and (|1.2p 
by assuming 

/ is locally Lipschitz continuous on R. (1-5) 
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In p.2j) or (jl.ip . we assume that f(x) does not have linear leading order behaviour 
as x — > 0; moreover, we do not ask that / forces solutions of (|1.2p to hit zero in 
finite time. Since / is continuous, we are free to define 

r 1 i 

F(x) = -jr^du, x>0, 1.6 

Jx fW 

and avoiding solutions of (jl.2l) to hitting zero in finite time forces 

lim F(x) = +oo. (1.7) 

We notice that F : (0, oo) — > R is a strictly decreasing function, so it has an inverse 
F^ 1 . Clearly, (TO)) implies that 

lim F _1 (i) = 0. 

t— > oo 

The significance of the functions F and F" 1 is that they enable us to determine 
the rate of convergence of solutions of (|1.2p to zero, because F(y(t)) — F(() = t 
for t > or j/(t) = F _1 (i + F(C)) for t > 0. It is then of interest to ask whether 
solutions of (|1.1[) will still converge to zero as t —> oo, and how this convergence 
rate modifies according to the asymptotic behaviour of g. 

In order to do this with reasonable generality we find it convenient and natural 
to assume at various points that the functions / and g are regularly varying. We 
recall that a measurable function / : (0, oo) — > (0, oo) with f(x) > for x > is 
said to be regularly varying at with index /3 € R if 

lim = \P : for all A > 0. 

x->o+ f(x) 

A measurable function h : [0,oo) — > [0,oo) with h(t) > for t > is said to 
regularly varying at infinity with index a € R if 

lim ^$ = A", for all A > 0. 

We use the notation / G RVo(/3) and ft. £ RVoo(a). Many useful properties of reg- 
ularly varying functions, including those employed here, are recorded in Bingham, 
Goldie and Teugels [5]. 

The main result of the paper, which characterises the rate of convergence of 
solutions of (|l.ip to zero, can be summarised as follows: suppose that / is regularly 
varying at zero with index /3 > 1, and that g is positive and regularly varying at 
infinity, in such a manner that 

it (/,fi)(t) =:Le ^l 

exists. If L = 0, the solution of (|1.1[) inherits the rate of decay to zero of y, in the 
sense that 

lim v v yy = 1. 

t— >oo £ 

If £ G (0, oo) we can show that the rate of decay to zero is slightly slower, obeying 

l im gfrW) = A = A(£) G (0,1) 

t— >oo t 

and a formula for A purely in terms of L and (3 can be found. Finally, in the case 
that L = +oo it can be shown that 

, Flxit)) 
lim v v " = 0, 

t— >oo £ 

If it is presumed that g is regularly varying at infinity with negative index, or g is 
slowly varying and is asymptotic to a decreasing function, then the exact rate of 
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convergence can be found, namely that lim^oo f(x(t))/g(t) — 1. These asymptotic 
results are proven by constructing appropriate upper and lower solutions to the 
differential equation (11.11) as in Appleby and Buckwar pQ. 

In some cases, we do not need the full strength of the regular variation hypothe- 
ses: when L = 0, all that is needed is the asymptotic monotonicity of / close to 
zero; on the other hand, the hypothesis j3 > 1 seems to be important in the case 
when L £ (0, oo]. If / is regularly varying with index /3 = 1, examples exist for 
which L = +oo, but F(x(t))/t — >• 1 as t —> oo. Therefore the conditions under 
which this asymptotic characterisation holds seem best suited to the case when / 
is regularly varying at with index /3 > 1. 

There is a wealth of literature concerning the use of regular variation in analysing 
the asymptotic behaviour of ordinary differential equations, and the field is very ac- 
tive. Besides work of Avakumovic in 1947 on equations of Thomas-Fermi type in [5] , 
some of the earliest work is due to Marie and Tomic [TH [15] concerning the asymp- 
totic behaviour of nonlinear second order ordinary differential equations, with linear 
second order equations being treated in depth by Omey |16j . An important mono- 
graph summarising themes in the research up to the year 2000 is Marie [T3] ■ More 
recently highly nonlinear and nonautonomous second-order differential equations of 
Emden-Fowler type have been studied with regularly varying state-dependence and 
non-autonomous multiplier, by Kusano and Manojlovic [1 11 1 12] . as well as solutions 
of nonautonomous linear functional differential equations with time-varying delay 
|10) and higher-order differential equations [5]. Another important strand of re- 
search on the exact asymptotic behaviour of non-autonomous ordinary differential 
equations (of first and higher order) in which the equations have regularly varying 
coefficients has been developed. For recent contributions, see for example work of 
Evtukhov and co-workers (e.g., Evtukhov and Samoilenko [7]) and Kozma [5], as 
well as the references in these papers. These papers tend to be concerned with 
non-autonomous features which are multipliers of the regularly-varying state de- 
pendent terms, in contrast to the presence of the nonautonomous term g in (|1.1|) . 
which might be thought of as additive. Despite this extensive literature and ac- 
tive research concerning regular variation and asymptotic behaviour of ordinary 
differential equations, and despite the fact that our analysis deals with first-order 
equations only, it would appear that the results presented in this work are new. 

One of the motivation for this work is to consider the asymptotic behaviour 
of solutions of stochastic differential equations of ltd type with state-independent 
diffusion coefficient in which the drift function is — / and / is regularly varying. 
This will form the basis of further work. Some results in this direction were obtained 
in the case when f(x)/x /3 — > a > as x — > + in Appleby and Mackey [I]. 

The paper is organised as follows: in Section 2 the main results of the paper 
are discussed, and notation and supporting results outlined. Section 3 contains 
examples showing the scope of the theorem. Some of these examples show why the 
conditions of the main results are difficult to relax without fundamentally altering 
the asymptotic behaviour of solutions. The proofs of the main results are given in 
the final Section 4. 

2. Mathematical Preliminaries, Discussion of Hypotheses and 
Statement of Main Results 

In this section we introduce some common notation and list known properties of 
regular, slow and rapidly varying functions. We also discuss the hypotheses used 
in the paper, and then lay out and discuss the main results of the paper. 

2.1. Notation and properties of regularly varying functions. Throughout 
the paper, the set of real numbers is denoted by R. We let C(7; J) stand for 
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the space of continuous functions which map I onto J, where I and J are typ- 
ically intervals in R. Similarly, the space of diffcrentiable functions with contin- 
uous derivative mapping I onto J is denoted by C 1 (/; J). If h and j are real- 
valued functions defined on (0, oo) and limt->oo h(t)/j(t) = 1, we sometimes use the 
standard asymptotic notation h(t) ~ j(t) as t —> oo. Similarly, if h and j obey 
lim t _ ) .o+ h(t)/j(t) — 1, we write h(t) ~ j(i) as i — > oo. 

The results quoted in this short section concerning regularly varying functions 
at infinity may all be found in Chapter 1 in [5] . They are listed below for the com- 
pleteness of the exposition. Properties listed below of functions that are regularly 
varying at may be deduced from properties of functions which are regularly vary- 
ing at infinity by exploiting the fact that if / £ RVo(/3), then h : (0, oo) — > (0, oo) 
defined by 

"«> = 7(lW < >0 

is mRVoo(/3). 

(i) Composition and reciprocals: If h £ RVoo(— ff) for 9 > and h(t) —> as 
t -> oo, and cj) £ RV (/3) for /3 > 0, then cjyoh £ RV oc (-6»/3). Ifh G RVoo((9), 
then 1/h £ RVoo(-6»), while € RV (/3) implies l/<f> £ RV (-/3). 

(ii) Inverses: If there is 77 < such that 4> & RVo(^) (so that (j>{x) — > 00 as 
x -> 0+) and : (0,(5) -> (0, 00) is invertible, then e RVo^l/r?). 
If there is 77 > such that <fr £ RVo(??) (so that 0(x) — > as x — » + ) 
and : (0,(5) — > (0, 00) is invertible, then € RVo(l/»7). Similarly, if 
there is 9 > such that h £ RVoo(— 9) (so that h(t) —> as t — !• 00) and 
h : (T,oo) ->■ (0,oo) is invertible, then hr 1 e RV o (-l/0). 

(iii) Preservation of asymptotic order: If x, y £ C([0, 00); (0, 00)) are such that 
Iim.t_).oo x(t) = lim.t_j.00 y(t) = 0, and x(t)/y(t) — >• 1 as i — > 00, and _ 
RVo(^) for /3 ^ 0, then 

lim«l = l 

f ^oo 4>{y{t)) 

Similarly if x,y £ C([0, 00); (0, 00)) are such that lim^oo x(t) = +00, 
limt_).oo y(t) = +00, and x(t)/y(t) — >• 1 as i — > 00, and h £ RVoo(#) for 
9^0, then 

lim M« = 1. 

t^oo %(*)) 

(iv) Integration: If <fi in RVo(/3) for /3 > 1, then 

(v) Smooth approximation: If h is in RVoo(— ff) for 6* > 0, then there exists 
j £ C 1 ((0, 00); (0, 00)) which is also in RVoo(— ff) such that j'(t) < for all 
t > and 

h(t) , 

t^oo j(t) t^oo 

Similarly, if e RV (/3) for /3 > 0, then there exists ip £ C 1 ((0, 00), 00)) n 
RVo(/9) such that tff{x) > for all x > and 

A slightly weaker result holds for slowly varying functions at 00: if h is in 
RVoo(O), then there exists j £ C 1 ((0,oo); (0, 00)) which is also in RVoo(O) 
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such that 



hit) , tj'(t) 

lim -44 = 1, lim -^4/ = 0. 



It is part of e.g., Theorem 1.3.3 in [5J. 
(vi) Uniform asymptotic behaviour on compact intervals: We observe that if 
h e RVoo(— 6), then for any c > we have 

h(t - c) 
lim \ , . ' = 1. 

i->oo ft,(t) 

Some further terminology should be introduced. We say that a function (f> is slowly 
varying at if (/> £ RVo(O) and that a function h is slowly varying at infinity if 
/i € RVoo(O). A function h : (0, oo) — » (0, oo) is said to be rapidly varying of index 
oo at infinity if 

[ +oo, A > 1. 

For such a function /i we write h € RVoo(oo). Analogously, a function /i : (0, oo) — > 
(0, oo) is said to be rapidly varying of index — oo at infinity if 

,/ u i f +oo, A < 1, 
IhnM^J , A = 1 



t-foo ft(t) 



0, A>1. 



For such a function h we write h g RVoo(— oo). Together, these two classes of 
functions are described as being rapidly varying at infinity. We can extend naturally 
this notation to deal with rapid variation at zero. Suppose that <fi : (0, oo) — > (0, oo) 
is measurable such that 



]im ^± = < i, A = 1 



2:^0+ 4>{x) I q 

We write <fr E RVo(oo). On the other hand, if 



00, A > 1, 
A = l, 
A < 1. 



f 00, A < 1, 



we write 4> G RVo(— 00). There is a connection between rapidly and slowly varying 
functions through inverses. It is a fact that if h € RVoo(oo) (which forces h(t) — > 00 
as t — > 00) and h is invertible, then h^ 1 e RVoo(O). 

2.2. Discussion of hypotheses. In order to simplify the analysis in this paper, 
we assume that 

g(t)>0 t>0; x(0)=£>0. (2.1) 

This has the effect of restricting the solutions of (jl.ip to be positive for alH > 
and assists us in characterising convergence rates according to the rate of decay of 
g. We will show in further work that this sign assumption can be lifted, and our 
desired asymptotic characterisation will be for the most part preserved. Moreover, 
it transpires that the results in this work can be used to prove results when the 
sign restriction is relaxed, by means of comparison proofs. Our asymptotic results 
also tacitly assume that g(t) — ¥ as t — ¥ 00, but in further work we show that this 
assumption can also be relaxed, while maintaining results on the rate of decay of 
solutions of (jl.ip . In fact, as mentioned above the analysis in this paper will enable 
the almost sure rate of convergence rates of solutions of (Ito) stochastic differential 
equations with state independent noise intensity to be analysed. 
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The results of this paper can rapidly be extended in the case that g(t) < for 
all t > and £ < 0. In this case, consider x-(t) = —x(t) for t > 0, g~(t) — —g(t) 
for t > 0, £_ = -£ and /_(a;) = -f(-x) for a; e M. Then 

sUt)=/(s(t))-s(t) = -/-(z-(*))+S-(*)> t>0; x_(0) = £_. 
Clearly, g_ and now obey (|2.1[) and /_ still obeys (| 1 . 3[) . (|1.5I) , and if g is 
continuous so is Therefore, we can prove asymptotic results for x_ using the 
results given in this paper, and therefore readily recover those results for x. 

Any discussion of convergence rates of x(t) — > as t — > oo implicitly assumes 
that the desired convergence actually occurs. Rather than making additional as- 
sumptions on / and g in this paper which guarantee convergence, we will assume 
that the convergence occurs. One result which guarantees that x(t) — > as t — >• oo 
is nonetheless recorded below, because additional hypotheses on g follow from our 
assumptions in many cases. 

Proposition 1. Suppose that f obeys (|1.3[) , that f and g obey (II .4[) . and that 
g G L 1 (0,cx)). Then every continuous solution x of obeys 

lim x(t) = 0. (2.2) 

t — foo 

In the case when g is not integrable, but git) as t — > oo, it can be shown 
that either (|2.2I) holds or x(t) — >• oo as t — > oo (see e.g., [1]). Solutions of (|2.2[) 
exhibit a type of local stability: if the initial condition £ and sup norm of g are 
sufficiently small, (|2.2I) is true. A sufficient condition which rules out unbounded 
solutions, and therefore guarantees (|2.2[) for all initial conditions, is 

liminf f(x) > 0. 

See [3] for example. In the case when f(x) — >■ as x — > oo, the relationship between 
the rate of decay of g(t) — > as t — > oo and f(x) — > as x — > oo becomes important: 
for a given /, if the rate of decay of g is too slow and the initial condition is too 
large, then x(t) — ¥ oo as t —¥ oo. However, if g decays more quickly than a certain 
rate, it can be shown that (|2.2[) holds for all initial conditions. Moreover, under 
some additional hypotheses, a critical rate of decay of g can be identified, in the 
sense that if g decays more slowly to zero than this rate, solutions can escape to 
infinity, while if it decays faster than the critical rate, solutions obey l|2.2p for all 
initial conditions. For further details, we refer the reader to [5] and the references 
therein. 

2.3. Main results. We now state and discuss our results precisely. In our first 
result, we can show that the global convergence of solutions of (jl.ip . as well as 
the rate of convergence of solutions to is preserved provided the perturbation g 
decays sufficiently rapidly. In order to guarantee this, we request only that / be 
asymptotic to a monotone function close to zero. 

Theorem 1. Suppose that / obeys (|1.3[) . (|1.5|) and that F defined by (|1.6p obeys 
(|1.7p . Suppose further that f and g obey (|1.4[) and that (|2.1[) holds. Suppose that 
there exists </> such that 

lim ^[ | =1, if) is increasing on (0,(5). (2-3) 

x^0+ <p(X) 



If 



lim - 9 ^\.. . = 0, (2.4) 
t^oo (/oF"i)(i) V ' 



then the unique continuous solution of (jl.ip obeys 



lim »1 = L (2 . 5) 
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Immediately Theorem [T] presents a question: is it possible to find slower rates 
of decay of g(t) — > as t — > oo than exhibited in (|2.4p . for which the solution x of 
(jl.ip still decays at the rate of the unperturbed equation, as characterised by (|2.5I) ? 
In some sense, our next theorem says that the rate of decay of g in (|2.4[) cannot be 
relaxed, at least for functions / which are regularly varying at with index /3 > 1, 
or which are rapidly varying at zero. 

In the case when / is regularly varying at with index 1 (and f(x)/x — > 
as x — > 0), the condition (I2.4[) is not necessary in order to preserve the rate of 
decay embodied by (|2.5f) . This claim is confirmed by the following example. It also 
suggests, in the case when / is regularly varying at zero with index 1, that a more 
careful analysis is needed to characterise the asymptotic behaviour of solutions of 

mil). 

Example 2. Suppose 5 £ (e~^ _1 \ 1) and define f(x) — xj log(l/a;) for x e (0, S) 
and let /(0) = 0. We see that / e KVo(l) and f(x)/x -> as x -> 0+. Suppose 
that 

i 5V2 lfi 1 jA-1/6 

yV ' (l + t) 2 /3 V2- (l + t)-!/6 

Then g is continuous and g(t) > for alH > 0. Consider the initial value problem 
x'{t) = -f(x(t)) + g{t), t > 0; x(0) = e'^^ . 

It can be verified x(t) = cxp(- v / 2(l + t) 1 / 2 + (1 + i) 1/3 ) for i > satisfies this 
initial value problem, and is therefore its unique continuous solution. Defining 
F(x) — 1/ f(u) du for x £ (0, S) we see that 

F(x) = ~ (log 2 (l/x) - log 2 (l/^)) , x G (0, 5), 



F _1 (x)=eacp(— i/2a! + 10^(1/*) , a; > 



Hence / o F 1 is well-defined on [0, 00), and we can rapidly show that 



Therefore, it follows that 



lim 



lim 



t!/2V2 



t->oo(/oi?-l)(t) 

Since formulae for F and x are known, it is easily checked that F(x(t))/t — » 1 as 
t — > 00. Therefore, it can be seen that (|2.4p is violated, / is regularly varying (with 
index 1) at 0, and all other hypotheses of Theorem [1] are satisfied, but nonetheless 
the solution of the initial value problem obeys (|2.5[) . 

We now turn to asking how the rate of decay changes when (|2.4[) is relaxed, and 
/ is regularly varying at with index j3 > 1 or is rapidly varying at zero. 



Theorem 3. Suppose that f obeys (|1.3p . (|1.5|) and that F defined by (|1.6p obeys 
(|1.7p . Suppose further that f and g obey (|1.4p and £/iai (|2.ip holds. Let x be the 
unique continuous solution of (jl.ip . Suppose that there exists ip such that (|2.3p 
holds, and suppose further that there exists L > smc/i f/iaf 

lim - g(t) 1w - = L. (2.6) 

T/ien x(£) — > as £ — > 00. 
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(i) If f € RVo{/3) forP> I, then 

t— >oo t 

where A* is the unique solution of (1 — A»)A* ^ = L. 

(ii) IffoF- 1 G RVoo(-l) andF- 1 G RV^iO), then 

l im EMR = A ,(X) G (0,1), 

where A* is i/ie unique solution of (1 — A^A^T 1 = L, or A* = 1/(L + 1). 

If y is the solution of (|1.2j) . we have that y{t) / F -1 (t) — >■ 1 as t — > oo. Moreover, 
in the case when p > 1, as G RV 0o (— 1/(/3 — 1)), we have 

lim -4-r = lim — Vtt = hm ttV 2 = A* /{p ' > 1. 

Therefore, the solution of (II. 1[) is of the same order as the solution of (|1.2[) . but 
decays more slowly by a factor depending on L. In the second case, when F^ 1 G 
KVoo(O), we have 

lim ^ = lim A = lim = 1. 

so once again the solution of (11.11) is of the same order as the solution of (|1.2I) . 

The proof of part (ii) of the theorem is identical in all respects to that of part 
(i), and therefore we present only the proof of part (i) in Section 4. In fact, there 
is a greater alignment of the hypotheses that appears at a first glance. When 
/ G RVofjS) for p > 1, it follows that F G RV (1 - 0) and therefore that F' 1 G 
RVoo(-l/(/3-l)) and/o^- 1 g RV co (-^/(/3-1)). Hence we see that the hypothesis 
of part (ii) are in some sense the limit of those in part (i) when p — > oo. This 
suggests that part (ii) of the theorem applies in the case when / is a rapidly varying 
function at 0, and the solutions of the unperturbed differential equation are slowly 
varying at infinity. Moreover, the solution of the perturbed differential equation 
should also be slowly varying in this case. We present an example which supports 
these claims in the next section. First, we make some connections between the 
hypotheses in part (ii), especially with rapidly varying functions. 

Remark 1. Suppose / o F^ 1 G RVoo(-l). Then F^ 1 G RVoo(O). Therefore, we do 
not need to assume this second hypothesis in part (ii) of Theorem [3] 

Proof of Remark. To see this, let z'(t) = -f(z(t)) for t > and z(Q) = 1. Then 
z(t) = F" 1 ^). Hence < -z'{t) = (/ o Therefore -z' G RV 0O (-l), 

and so z(t) — z(T) = fj —z'{s) ds. Letting T — > oo, we have z(t) — f°° —z'(s) ds. 
Since -z' G RVoo(-l), it follows that z G RV oo (0). Hence F^ 1 G RVoo(O), as 
claimed. □ 

Remark 2. Suppose that / G RV (oo). Then F^ 1 G RVoo(O). 

Proof of Remark. The hypothesis that / is rapidly varying at zero means by defi- 
nition that 

/(As) f +oo, A>1, 
f( x ) \ 0, A < 1. 

Now by the continuity of / and l'Hopital's rule, we have 

lim ^$ = lim lL ^ dU = lim - ' +°°' A < ^ 



x ^o+ F(x) x^o+ f 1 i du *^o+ /(Ax) 

Jx flu) 



0, A>1. 
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Consider the function Fi(i) = F(l/t) as t — > oo. Then 

]im M^ = Hm nA_M f +00, A>1, 
t^oo Ft(i) x^o+ F(x) \ 0, A<1. 

Therefore, F± is in RVoo(oo) and we have lim^oo F\(t) — \im x _ > .Q+ F(x) = +oo, 
so Ff 1 <= RVoo(O). Now F-^Fifi)) = 1/t. Hence F _1 (x) = F-^F^Ff ^x))) = 
l/Ff 1 ^). Therefore F" 1 <= RVoo(O). □ 

We notice that viewed as a function of L, A* : (0, oo) — > (0, 1) is decreasing 
and continuous with lim i ^ + A*(F) = 1 and lim^-i-oo A* (L) = 0. The first limit 
demonstrates that the limit in (12.71) is a continuous extension of th limit observed 
in Theorem [TJ because the hypothesis (|2.4j) can be viewed as (|2.6p with L = 0, 
while the resulting limiting behaviour of the solution (12.5[) can be viewed as (|2.7p 
where A* = 1. The monotonicity of A* in L indicates that the slower the decay 
rate of the perturbation (i.e., the greater is L) the slower the rate of decay of the 
solution of (jl.ip . Since limL_ i . 00 A»(F) = 0, this result also suggests that 

lim - g(t) 1N/ - = +oo (2.8) 

implies 

lim *W» = 0, (2.9) 

t— i-oo t 

so that the solution of the perturbed differential equation entirely loses the decay 
properties of the underlying unperturbed equation when the perturbation g exceeds 
the critical size indicated by (j2.6p . and decays more slowly yet. This conjecture is 
borne out by virtue of the next theorem. 

Theorem 4. Suppose that f obeys (jl.3l) . (jl.5p and that F defined by (|1.6p obeys 
(|1.7p . Suppose further that f and g obey (|1.4p and that (|2.ip holds. Let x be the 
unique continuous solution of (jl.ip . Suppose that there exists <f> such that (I2.3P 
holds, and suppose further that f and g obey (|2.8D . Suppose finally that x(t) — > 
as t ->• oo. If f e RV (/3) for ft > 1 or / o F _1 e iJVoo(-l), </ien ifte unique 
continuous solution of (jl.ip obeys (|2.9p . 



Remark 3. We observe that the hypothesis that x(t) — ► as t — > oo has been 
appended to the theorem. This is because the slow rate of decay of g may now 
cause solutions to tend to infinity, if coupled with a hypothesis on / which forces 
f(x) to tend to zero as x — > oo at a sufficiently rapid rate. We prefer to add this 
hypothesis, rather than sufficient conditions on / and g which would guarantee 
x(t) — > oo. 

We provide an example in which all the conditions of part (i) of Theorem [5] are 
satisfied apart from x(t) — > as t — > oo, and show that it is in fact possible to get 
x{t) — > oo. Let > 1 and 9 e (0, 1) and consider the initial value problem 

x'(t) = -f(x(t))+g(t), t > 0; x(0) = 1 

where f(x) = x^e~ x and g(t) = (1 - 0)(1 + t)-° + (1 + f)/3(i-0) e -( 1 + t ) 1 - fl . The 
solution of this initial value problem is x(t) = (1 + t) 1 ^ 9 , so a;(t) — ^ oo as t — > oo. 

We have shown, when (|2.8p holds, that F(x(t))/t — > as i — ► oo, so that the 
rate of decay of solutions of (jl.ip is slower than that of (jl.2p . In the next theorem, 
under strengthened hypotheses on g, we determine the exact convergence rate to 
of the solution of (jl.ll) when (|2.8j) holds, and we will show that the limit (j2.9p also 
holds. Once again, we add the hypothesis that x(t) — > as t — > oo. 
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Theorem 5. Suppose that f obeys (|1.3p . (|1.5[) and that F defined by (|1.6p obeys 
(|1.7p . Suppose further that f and g obey (ll.4j) and that (I2.1j) holds. Suppose further 
that (jUJ /io/ds and ifarf / G i?Vo(/3) /or some /3 > 1 and g £ RVoo{-6) for 9>0. 
Let x be the unique continuous solution of (jl.ip and suppose that x(t) — » as 
i — >• oo. 

(i) If6>0, then 

lim ^# = 1. (2.10) 

(ii) If 9 = and g is asymptotic to a decreasing function, then x obeys (|2.10p . 

Remark 4. Unlike Theorem [SJ previous theorems have not assumed that g is reg- 
ularly varying, or obeys other regular asymptotic properties, beyond asking that 
g decays in some manner related to / o F , However, the assumption that g is 
regularly (or slowly varying) in Theorem [S] is quite natural, as by (|2.8p it decays 
more slowly to zero than a function which is itself regularly varying at infinity 
(with negative index —j3/(/3 — 1)). Moreover, it is a consequence of the hypotheses 
of Theorem [3] that g is regularly varying, as it is asymptotic to / o F^ 1 which is 
assumed to be regularly varying (with index —0/(J3 — 1) in part (i), and index -1 
in part (ii)). We notice moreover that Theorem [5] does not deal with the case when 
/ is rapidly varying at 0. 

Remark 5. It is interesting to note that (|2.10p may be thought of as (|2.7p in the 
limit L — > oo. To see this, notice if (|2.7p holds, we have 



lim - , ' . . = L, lim , \ ' = 1. 
t^oo f(F- 1 (t)) t^oo A*(L)t 

Therefore, if / o F^ 1 is regularly varying, we have 

t^oo (/oF-i)(A t i) t^oo (/of-i)(A»t) 



Therefore, if /3 > 1, we have 
lim 

t^oo (/oF-l)(() 

Hence 



Hm (/oF- 1 )(A,t) _ A - Mff -i)_ 



/(xffl) /(sfr)) (foF-i)(A.t) K - mP -x) 

™(/«^)(t) £S>(/oF-i)(A.t)' (/of-i)(t) 
Therefore 

lim /m*)) = lim /(»(«)) . t/onw = i^/w-d. (2 . n) 

In case (i) of Theorem^ we have /3 > 1 and (1 - A >t )A~' 9 / ( ' 3 ~ 1) = L, so 1 - A* = 
L/A* 1 \ Since A*(L) — > as as i — > oo, we have 

L _ 

L^o A ~/3/(/3-l) ~ ' 

and therefore the limit on the righthand side of (|2.11l) as L — > oo is unity. In case 
(ii) of Theorem [3l in place of (12 . we find that 

lim ^# = W- 

t-yoo g(t) L 

Since A*(L) = 1/(1 + L), we have that the righthand side once again tends to 
unity as L — > oo. Therefore, we see that the rate of decay changes smoothly as the 
parameter L changes from being zero, to finite, and then to infinity. 
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Remark 6. We remark that under the hypotheses of Theorem [5l we have the limit 
F(x(i))/t — > as t — > oo, which is consistent with the result of Theorem 0] To see 
this, we note that under the hypothesis (|2.8p . we conclude that (|2 . 10|) . Multiplying 
these limits gives 

/(*(*)) , 
lim — tttt — +oo. 

Since /3 > 1, using the fact that / G RVo(/3) we have limt-^oc x{t)/F~ x {t) = +oo, 
and since F G RVoo(l — (3) with j3 > 1 and F is decreasing, we obtain the limit 
lim t _ i . 00 F(x(t))/t = 0, as required. 

We may now consolidate our findings into two theorems which characterise the 
asymptotic behaviour of solutions of in the first, we make no assumption 

about the regular or slow variation of g at infinity, and allow / to be regularly 
or rapidly varying at zero; in the second, we assume that both / and g are both 
regularly varying, and obtain exact asymptotic estimates on the solution in each 
case. 



Theorem 6. Suppose that f obeys (If .3[) . (jf .5p and that F is defined by (jf .61) . 
Suppose also that f and g obey (|f A\ and that (I2.f [) holds. Suppose that f G RVo(/3) 
for some /3 > 1 or that f o F^ 1 6 i?V oc (— f), and that f obeys (12.31) . Let x be the 
unique continuous solution of (jl.f [) and suppose that x(t) — > as t — > oo. Finally, 
suppose that 



(i) If L = {), then 

(ii) J/L G (0, oo), inen 



hm = 1. 



t- 



lim^ = A,(L), 



w/iere A* G (0, 1) is given by (I) the unique solution of (f — A*) A* ^' ^ ^ = 
L when f G RV Q {fi) for some ft > 1 and (II) A* = 1/(1 + L) when /or 1 € 

flKo(-l). 

(hi) If L — oo, then 

lim V V yy = 0. 

t— >co £ 

Theorem [6] is established by combining the results of Theorems [TJ [3] and |4] On 
the other hand, by combining the results of Theorems [TJ [3] and [SJ we arrive at a 
classification of the dynamics of (jl.f I) when / and g are regularly varying. 

Theorem 7. Suppose that f obeys (ll.3[) . (jl.5p and ££ia£ F is defined by (jl.6D . 
Suppose also that f and g obey (11.41) and £/ia£ (|2.ip holds. Suppose that f G i?Vo(/3) 
/or some /3 > 1 and £/ia£ g G i?Voo( — 9) for 9 > 0. Le£ a; 6e £/ie unique continuous 
solution of (jl.ip and suppose that x(t) — > as £ — > oo. Finally, suppose that 

^ f(F%)) =Le[0 >°° ] - 



(i) If L = 0, then 



lim «1) = L 

t— s-oo t 
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(ii) If L £ (0, oo), then 



lim«»= M L), 

t-J-oo t 



where A* £ (0, 1) is the unique solution of (1 — A*)A* ^ = L. 
(iii) If L — oo, i/ien 

lim 1^1 = 1. 

We close by remarking that in cases (i) and (ii) , the solution of ([l.ip is regularly 
varying at infinity with index — /3/(/3 — 1), while in case (iii) it is regularly varying 
at infinity with index —9/(3. 

3. Examples 

We next demonstrate the scope of the theorems by studying a number of exam- 
ples. We start with an example that demonstrates that when g(t) does not have 
the same sign as the initial condition £, and the solution x of nonetheless re- 
tains the sign of the initial condition, the perturbation g can be small in the sense 
that (12.41) holds, but the solution x of (jl.lj) does not obey (I2.5[) . This shows the 
importance of retaining the assumption that g be positive in Theorem [1] 

Example 8. Suppose that /3 > 1, 6 > /3/(/3 - 1). Let £ £ (0,(6* - l)V(^-i)). 
Suppose that 



9 (t) = -(i + tr 9 («* - 1) - €*(i + <r^- l)+e ) , 



i > 0. 



F(x) = ( X -^ 1) 



Notice that < for all t > 0. Let /(x) = sgn(a;)|a;|P for Then the unique 

continuous solution of (jl.lj) is x{t) = £(1 + f) - ^ -1 ' for t > 0. In the terminology 
of this paper, we have 

1 

so lim 2 ._ i .o+ F(x)/x- fj+1 = 1/(0-1). Hence i^" 1 ^) - ((/3 - as i -» oo 

and so (/ o F- X )(t) ~ ((/3 - l)i)" ,3/(,3 ^ 1) as t -> oo. Since > /?/(/? - 1), it follows 
that 5 and / obeys (I2.4j) . However, 

lim v v = lim — = lim = +oc 

{-►oo t P — 1 f ^°° * P — 1 t-* 00 

so the conclusion of Theorem [T] does not hold. 

The next example concerns an equation of the form (jl.lj) to which Theorem [1] 
could be applied, but for which a closed form solution is known, and therefore 
independently exemplifies this theorem. 

Example 9. Let r) > 0, /3 > 1, f > 0, and let ^4 = ^ 1_/3 . Suppose that 

9(t) = {A(l + t)- + - 1)*}-"^ , t > 0. 

Then .g(<) > for all i > 0. Suppose that f(x) = agn(x)\x\ for x > 0. Then the 
unique continuous solution of the initial value problem (ll.ip is 

x(t) = (A(l + *)-" + 03 - l)t)" 1/( ^ _1) 

We notice that 

lim g M = JtLm- D-e/V-i) 
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so, as 77 > 0, we have that g obeys (12.41) . It can be seen that all the hypotheses of 
Theorem [1] hold. On the other hand, from the definition of F we have that (|2.5[) 
holds which we are able to conclude independently of Theorem [TJ 

We now give an example to which part (i) of Theorem [3] applies. 

Example 10. Suppose that A > l/(/3 - l) 1 /^-!). Define £ > and 

, t > 0. 




Then g(t) > for all t > Q. Suppose also that f(x) = sgn(x)|a;|' 9 for x > 0. Then 
the initial value problem has unique continuous solution x(t) — A^A/^Y^ 1 + 
i)-V(0-i) for t > 0. Notice that 

g(f) ^-pM 

™(/oF-i)(t) (/3 - l)-/3/(/3-i) • ij>u - 

Also we have that 

x{t) A 



lim 



H»Ji , -i(t) (/3 - i)-VW-i) ' 
so 

H m « = ^=:A.. 

i-»-oo f j3 — 1 

Since ^4 > l/(/3 — l) 1 /^^ 1 ), we have A* G (0, 1) and moreover one can check that 

(1 - A,)A^ /W-1) = L. Therefore it can be seen that the conclusion of Theorem [3] 
applies. 

Even though our results cover more comprehensively the case when / has "power- 
like" behaviour close to zero, our next example demonstrates that when / is rapidly 
varying at zero (and in fact has all its one-sided derivatives equal to at 0), we 
can still determine the rate of convergence of solutions. Theorem [3] part (ii) covers 
this example. 

Example 11. Suppose that f(x) = Bgn.(a;)e -1 /I x l for x ^ and /(0) = 0. Then 
for x > we have 



F(x) = j e 1/u du = J 



"V dv. 



Therefore by l'Hopital's rule we have 

F(x) tfv-*e°dv evy-z 
lim — — ; — - = lim — = lim 



£c->o+ e 1 / x x 2 y^oo e v y 2 y^oc e v y 2 — 2y 3 e^ 
Since F^ 1 ^) —> as t —> 00 we have 



Therefore 



lun{logt-^-21ogF- 1 (t)}=0. 

„-i 



Since lim 2 ._ > .o+ log(x)/x = lim x ^.o+ x\og(x) = 0, we have 



lim — y — = 1, 



so F 1 (t)/(logt) 1 -> 1 as t -> 00. Hence F 1 e RVoo(O). Moreover, since 
/(F _1 (t)) = e-V-F -1 ^), from {33]) we obtain 



lim ^f'ffi - I- 
t^oo F- l {t) 2 /t 
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and therefore, as F 1 (t)/(logt) 1 — > 1 as t — > oo, we get 



Hence / or 1 e EV^-l). 
Define 

m = 



lim = 1. 



1 



(3e + t) log 2 (e + i) (3e + t) log 2 ((e + 1/3) log 2 (e + i)) 

2 

~ (e + t) log(e + <) log 2 ((e + t/3) log 2 (e + t)) ' * " 3 ' (3 ' 2) 
Notice that g is continuous and positive on [3, oo). Then we have that 

f 

log((e + t/3)log 2 (e + t)) 
is a solution of the initial value problem 



x(t) = - Ti — j r" — ' 



x'(t) = -f(x(t))+g(t), t>0; x{0) = £= - - — oN > 0. 



log(e + f ) log (e + 3) 

Now define x(t) = x(t + 3) and g(t) = git + 3) for t > 0. Then g is continuous and 
positive on [0, oo) and x satisfies the initial value problem 

1 

log(e + l)kV(e + 3) 
To see that x obeys (|3.3[) . define 

7?(t) = ; ^ -, t > 3. 

log((e + t/3)log 2 (e + t))' " 
Then e 1 ^^ = (e + t) 1 ^^ so by the definition of x we have 

(e + i) 1 /**) = i(3e + «) log 2 (e +t), t > 3. 

Also f(x(t)) = l/(e + i) 1 /^*) = 3/((3e+ i)k>g 2 (e + t)). This is the first term 
on the righthand side of (|3.2[) . It is easy to check directly from the formula for 
x that the second and third terms on the righthand side equal x'(t). Therefore 
g(t) = f(x(t)) + x'{t), so x obeys 
Notice that 

lim — — %i \ — . = 2. 
t ^cx> (/oF-i)(t) 

We can determine the asymptotic behaviour of x(i) as £ — ?• oo using the auxiliary 
function 77. Since 

e i/x(t) = e i/2(t+3) = ( e + t + 3 )iM*+3) = I( 3e + t + 3) i og 2( e + £ + 3 ) j 
and x(t)/(logi) _1 — > 1 as £ — > 00, we can check that 

,. F(a;(t)) ,. eV'Mxft) 2 ,. i(3e + 1 + 3) log 2 (e + < + 3)(logi)" 2 1 
lim = lim = hm = -. 

t— >oo t t— >oo t t— >oo t 3 

This calculation is independent of Theorem [3] part (ii) but confirms it, because here 
L = 2 and A, = 1/(1 + 1) = 1/3. 

We now present an example to which Theorem [5] applies. 
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Example 12. Let 6 < (3/ {(3 - 1) and £ < (/?/6») 1 /( 1 - /3+/3 / e ). Suppose that 

g{t ) = + tr e (i - -(r^ + 1)-*- 14 *) , t > 0. 

Notice that g(t) > for all t > 0. Let /(x) = sgn(x)|x|0 for x > 0. Then the unique 
solution of the initial value problem is x(t) = (£-0/ e + t)" 6 ^ for f > 0. We 
see that g £ RVoo(— 9), and also that g and / obey (I2.8[) . Also x(£) — > as t — >• oo. 
Hence all the hypotheses of Theorem [S] hold. Moreover, we can see, independently 
of the conclusion of Theorem [3] that (|2.10[) holds. 

Our final example shows how Theorem [5] can detect very slowly decaying (i.e., 
slowly varying) solutions of ([l.ip . This arises when the perturbation g is slowly 
varying at infinity. In our example, the perturbation exhibits iterated logarithmic 
decay. 

Example 13. Let £ > ((3e e+1 )- 1 / ( - l3 - 1 \ Define /(x) = |x|' 3 sgn(x) for x > and 

£^11 1 
= log 2 (t + e e ) " ^ ' (log 2 (t + e^)^ 1 ^ ■ (t + e e ) log(t + e e ) ' * " °" 

Notice that the restriction on £ implies that g(t) > for allt > 0. It can then be 
verified that 

W (log^i + e-)) 1 //?' " 
is the unique continuous solution of (jl.ll) . Notice that 

IJm-^- = l 

log 2 (t+e e ) 

and that 

lim /mi _ lim y '+«•»-; . i 

t^oo g(t) t^oo ^(log^ + e 6 )" 1 
Therefore once again, we can confirm the conclusion of Theorem[S]independently of 
its proof. Of course, it can be shown that all the hypotheses of part (ii) of Theorem[5] 
hold for this problem; in particular, we may take the decreasing function to which 
g is asymptotic to be to be j(t) — £° / log 2 (i + e e ) for t > 0. 

4. Proofs 

4.1. Proof of Theorem U Since F -x (0) = 1, we have that £ (0, 1) for all 

t > 0. Let T > 0. Then 

/ f(F- 1 (s))ds= [ f( u ).-J- du=1 - F -^ T ). 
Jo Jf-^o) JW 

Since -> as i -> oo, we have that / o F^ 1 £ ^(0,00). Therefore as (ET4"|) 

holds we have that g £ L 1 (0,oo). Therefore, by virtue of Proposition [T] we have 
that x(t) — > as t — » 00. 

Suppose that £ > 1. Since x(t) — > as t — > 00, it follows that there exists 
< Ti := sup{t > : x(i) = 1}. Define z by z'{t) = -/0(i)) for i > Ti 
and z(Ti) = 1. Then x'(Ti) = -/(z(Ti)) + g(T t ) > z'(Xi), because g(t) > 
for all t > 0. Therefore, we have that z(t) < x(t) for all t > Ti. If <5 > 1, 
notice that (f>(x(t)) > <p(z(t)) for all i > Ti. If <5 < 1, we notice that there is 
Ti < T 2 := sup{i > : x(t) = 5}. Moreover, z(t) < S for t > T 2 . Hence for t > T 2 
we have 4>(x(t)) > </>(z(i)) and z[t) < S for all t > T 2 . Therefore, irrespective of 
the level of S, there exists T 3 > T\ such that <j){x{t)) > (j)(z(t)) and z(i) < 5 for 
all t > T 3 . Next, z is given by z(t) = F~ l (t — Ti) for all t > T 3 > T x . Also 
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1 1— > (<po F 1 ) (< — Ti ) is decreasing on [T3 , 00 ) , and so for f > T% + T3 we must have 
that {(f) o - Ti) > (</» o F" 1 )^). Therefore, for <> Ti + T 3 it follows that 

9(t) < gft) = g(g < <?(*) 



(0oJ?-i)(t-Ti) (0oF-i)(t)' 
Therefore by (|2.4p . we have that 

t^oo (j>(x(t)) 

Since x(i) — > as £ — > 00 and f(x)/<fr(x) — > 1 as x — s- + , we have g(t)/f(x(t)) —> 
as i — ► 00. Hence 

lim j£® = _ L 



Integration yields 



t^oo f(x(t)) 



lim «2 = 1, 



In the case that f < 1, define it to be the unique continuous solution of 

u'(t) = -f(u(t)) + 2g(t), t>0; u(0) = £ + 1. 

Then it can be shown by contradiction that x(£) < u(t) for all t > 0. Since F is 
decreasing, we have F(x(t)) > F(u(t)) for all t > 0. We may apply the argument 
for £ > 1 above to show that F{u{t))/t — > 1 as t — > 00. Therefore, we have that 

liminf«H>l. 

t— >oo t 

On the other hand, define z by z'(t) = —f(z[t)) for t > and z(0) := £' < £. Then 
x(i) > z(t) for t > 0. Therefore we have F(x(t)) < F(z(t)) for all t > 0. However, 
F(z{t)) - F(£') = t, so F(z(t))/t -> 1 as f -> 00. Therefore we have 

lim sup — < 1. 

t— ¥00 t 

Combining this with the limit inferior gives F(x(t))/t — > 1 as t — > 00 as required. 

4.2. Proof of Theorem H Let e € (0, 1) and define h(x) = x -/V(/3-i) (l - x ) for 
x € (0,1]. Then h(x) | 00 as i | and h(l) = 0, with ft, decreasing on (0,1]. 
Therefore, for each L > there exists a unique A(e) G (0, 1) such that 

h(A(e))=L-^±^. 

Since h(A*) = L, the continuity of h ensures that A(e) —> A* as e —> + . 

We have already shown in the proof of Theorem [1] that / o F^ 1 € i 1 (0, 00). 
Since g(t)/(f o F _1 )(t) -> L as i 00, it follows that 5 e £ x (0, 00). Therefore it 
follows from Proposition [1] that x(t) — > as t — » 00. 

Now, there is a 5 < 1 and an increasing : (0, <5) — > (0, 00) such that </>(x) //(x) — > 
1 as x — > + . Hence for every e € (0, 1) there exists X2(e) > such that 

4^>l-e for all x G (0,x 2 (e)). 

(j>(x) 

Since i 7 '~ 1 (i) — >• 00 as t — > 00, there exists Ti(e) > such that 

g(t) <L(l + e)(0oF- 1 )(i), t > Ti(e). 

There also exists 12(e) > such that for t > 72(e) we have x(t) < 1 and x(t) < 
x 2 (e). Let T 3 (e) = max(Ti(e),T 2 (e)). Since / o f- 1 e RV oc (-/3/(^ - 1)), we have 
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that 4> o F- 1 e RVoo(-^/(/3 - 1)). Therefore, for each 77 € (0, e) C (0, 1) there 
exists x' x (i]) > such that 

Now fix 7? = e/2. Then 

™^ >A(.)-'/»(l-./2) l ,> i;W 2). 

If ^(e/ 2 ) < i? ( <5 )> define < ( e ) = F ( S ) + h so <(e) > F(<5) and 

»^|M> A(e) - W -« (1 _ e/2) , «> <(e) . (4.!) 

If Xi(e/2) > F(5), define x"(e) = x' 1 (e/2), so once again x'{(e) > F(S) and once 
again g7T]) holds. If x'((e) > F(x 2 (e))/A(e), define Xx(e) = a;'/(e) > F(c5), so that 

a±^gM>A( e) -™-.)(i- e /2), ,>»(.). ,4.2, 

and 

F- 1 (A(e)a:i(e))<a: 2 (e). (4.3) 

On the other hand, if x'{(e) < F(x 2 (e))/A(e), define xi(e) = F(x 2 (e))/A(e) + 1 > 
F(x 2 (e))/A(e), so (g3J and (g2]) hold. Moreover, 

11(e) >x'{{e) >F(S). (4.4) 

Define next 

T 4 (e) = sup{i > : x(t) = ^(F- 1 (A(e)x 1 (e))}. 

If x(t) < iF" 1 (A(e)xi(e)) for all t > 0, set T 4 (e) = T 3 (e). Finally, set T(e) = 
1 + max(T 3 (e),T 4 (e),xi(e)). Since T(e) > T 4 (e), we have 

z(T(e)) < iF-^A^Cc)), 

so 2x(T(e)) < F- 1 (A(e)a;i(e)). Define 

= F^A^x^)) 
x(T(e)) ■ 

Then M > 2 > 1. Finally, define 

Xu (t) = F-^ACe)^ - T(e)) + F(Mx(T(e)))), t > T(e). 

Thus Xu(T(e)) = Mx(T(e)) > x(T(e)). 

Since F' 1 (A(e)x 1 (e)) < 352(e), we have Mx{T{e)) = F- 1 (A(e)x 1 (e)) < x 2 (e). 
Hence Xu(T(e)) = Mx(T(e)) < x 2 (e). Therefore, it is always the case that Xu(t) < 
352(e) for all i > T(e). 

Next, for i > T(e), we have F'{x v {t))rt v {t) = A(e). Therefore for t > T(e) we 
have x' a (i) = -A(e)f(x u (t)) > or 

^(*) = -/(M*)) + (1 - A(e))/(a^(t)) > -f(xu(t)) + (1 - A(e))(l - e)^(t)). 

Since Mx(T(e)) = F~ x {A{e)xi(e)) , we get F(Mx(T(e)))/A(e) = x 4 (e). Therefore 
for t > T(e), we have 

F(Mx(T(e))) 
~ ^ Afe) ^' 
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Hence for t > T(e), by using this inequality and (|4.2p . we have 
(l-A(e))(l- £ )^(t)) 

= (l-A(e))(l-e)(,o^)(A( e ){ t -T( £ ) + £(^M}) 
> (1 - A(e))(l - e)(l - e/2)A(ey^-^ o F^) (t - T(e) + 

= h (A(e))(l - e/2)(l - e )(, o F -1 ) (, - T(e) + ^|^) . 

Since T(e) > 11(c), we have A(e)T(e) > A(e)xi(e) = F(Mx(T(e))). Therefore 
c := T(e) - F(Mx(T(e)))/A(e) > 0. Hence for t > T(e), we have 

(1 - A(e))(l - e)<f>(xu(t)) > h(A(e))(l - e/2)(l - e)(0 o F _1 )(t - c). 

We may also write T(e) = c + xi(e). Therefore, for i > T(e), we have t > t — c > 
T(e) - c = cci(e). By ((OJ), for t > T(e), we have t > t - c > Xl {e) > F{5). 
Therefore for t > T(e), F _1 (t) < F _1 (i — c) < 5, so as is increasing on (0, 5) we 
have {4> o <{<j)o F~ r )(t - c). Hence for t > T(e) we have 

(1 - A(e))(l - e)<p(xu(t)) > h(A(e))(l - e/2)(l - e)(0 o F _1 )(t) 

= L-L^(l-e/2)(l-e)(<£oF- 1 )(i) 
> L(l + e)(0oF- 1 )(i). 
Since T(e) > T x {e), we have c?(t) < L(l + e)((j> o F _1 )(i) for t > T(e), so 
(1 - A(e))(l - e)<M^M) > g(t), t > T(e). 

This implies 

a^(t)>-/(a; ff (t))+fl(t), t > T(e); a^(T(e)) > x(T(e)). 

A comparison argument now confirms that x{t) < xjj{i) for all t > T(e). By the 
definition of xjj and the fact that F is decreasing, we have 

F(x(t)) > A(e)(t - T(e)) + F(Mx(T(e))), * > T(e). 

Therefore 

l im inf > A (e). 

Since A(e) — > A* as e — » + , we get 

lim inf > A.. (4.5) 

We now construct a lower solution, and obtain a companion limit superior bound 
to d3~5]). From (O, for every e € (0, 1), there is a Ti(e) > such that F(x(t)) > 
A*(l - e) for all t > T x (e). Hence x{t) < F~ 1 {A. Jf {l - e)) for i > Ti(e). Since 
F- 1 e RVoo^l/^ - 1)), we have 

.. x{t) MMH) 
h ^ p f^) " h ^ p 

= t ^^^ = (A.(l-e))---). 

Therefore 

limsup-^^A-^- 1 ). 
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Hence for any A > we have 



lim sup ^ "! = lim sup ■ 



t_>«r F-HAt) t-vocT F-^t) F-!(At) 



<A; 1/(/3 - 1) -A 1 /(^)=(Aj . (4.6) 



Define A(e) e (0, 1) by 



^ £ » = £ (i + e )("i C + Vi) <L = h(A ' ) - 

Since ft is decreasing, we have A(e) > A*. Thus 

A \ 1/03-1) 



> 1- 

Also we have that A(e) \. A* as e -> + . By (|4.6j) . there exists T{(e) > such that 

/A(e)\ 1/( ^ _1) M 



F- 1 (A(e)t) " V A * / ' 2 



Clearly Af = 4 ) ' ' >4 



For every e € (0, 1), there is T^e) > such that 

git) >i(l-e)(0oF- 1 )(i), t>I*(e). 
Define T^J, e) = F{8)/X(e). Also we have that there is x^ie) > such that 

m 



<j>{x) 



< 1 + e, £ < a; 3 (e). 



Since x(t) — > as t — > oo, it follows that there is a T^(e) > such that x(t) < x^(e) 
for all t > Ti(e). Since <j) o F- 1 e RVoo(-^/(/3 - 1)), for every r) € (e, 1), there 
exists £2(77) > such that 

*£2Wr **r>>™* + *. **** 

Fix r\ = \fe. Then 

Finally, there is T 5 {5) > such that x(t) < 5 for all t > T£(8). Define T'(e) = 
1 + max(T{ (e) , x' A (e) , (e) , (5, e) , T£ (5) , 2^ (e)) and 

x L (t) = F- 1 (A( £ )(t - T'(e)) + F(±x(T'(e)))), t > T'(e). 

Then x L (T'(e)) = x(T'(e))/M < x(T'(e)) because M > 1. Also as T'(e) > 7£($), 
we have that x L (t) < x(T'(e)) < S for all t > T'(e). For t > T'(e), we have 
F'(x L (t))x' L (t) = A(e). Therefore we have 

x' L (t) = -f(x L (t)) + (i - X(e))f(x L (t)), t > T'(e). 

Since f(x) < (1 + e)0(x) for x < x 3 (e), and x L (t) < x(T'(c)) < 13(e) for all 
t > T"(e) we have f(x L (t)) < (1 + e)<j){x L {t)) so 

a4(t) < -/(^(t)) + (1 - A(e))(l + e)ct>(x L (t)), t > T'(e). 
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Define d = F(±x(T'(e))) - A(e)T'(e). Since T{e) > Ti(e), we have x(T'(e)) < 
MF- x (A(e)T'(e)), so as F is decreasing, it follows that F(±x(T'(e))) > A(e)T'(e) 
or d > 0. Hence 

(f - A(e))(l + e^fa^i)) = (1 - A(e))(l + e)fa o ^(A^t + c'). 

Since A(e)T^(5,e) = Ffa), for t > T'(e) > 7^(5, e) we have X(e)t > F(S). Thus 
F _1 (A(e)i) < S. Since c' > and F" 1 is decreasing, it follows that F _1 (A(e)i+c') < 
F _1 (A(e)i) < 5 for t > T'(e), and as is increasing on (0,(5) we deduce that 

fa o F- 1 )(A(e)i + c') < fa o F- 1 )(A(e)i), * > T'(e). 

Hence 

(1 - A(e))(l + e)<j>(x L {t)) < (1 - A(e))(l + e)fa o F- 1 )(A(e)t), t > T'(e), 
and so 

a4(t) < -f(x L (t)) + (1 - A(e))(l + e)fa o F^)(A(e)t), i > T'(e). 
Since t > T"(e) > T{(e), we have that 

faoF" 1 )^) " lj l^ + Vej, 

so by the definition of h, we obtain 

x' L (t) < -f(x L (t)) + h(X(e))(l + e) (1 + v^) fa ° i^X*), * > T'(e). 

Therefore as t > T(e) > 15(e), we have > L(l - e)fa o F~ x )(t) for t > T'(e), 
so for i > T"(e) by using the definition of A(e), we get 

x' L (t) < -f(x L (t)) + -J— -/i(A(e))(l + e) (1 + v^) • g(t) 
= -f(x L (t))+g(t). 

Since x L {T'(e)) < x(T'(e)), it follows that x L {t) < x(t) as t > T'(e). Since F is 
decreasing, using the definition of Xl we arrive at 

F(x(t)) < X(e)(t - T'{e)) + F(^x(T'(e))), t > T'(e). 

Therefore 

limsup v - < A(e). 

t— >oo £ 

Letting e -> + , and recalling that A(e) — > A* as e — > + we get 

limsup v v " < A*. 

t— >oo C 

Combining this with (|4.5I) yields (|2.7I) as required. 

4.3. Proof of Theorem [4j We consider first the proof when j3 > 1, and then 
sketch the proof when / o F" 1 G RVoo(-l) and F" 1 G RVoo(O). Let e G (0, 1/2). 
Since f(x)/<j)(x) — > 1 as x — >■ + , we have that there exists xi(e) > such that 
/(x) < (1 + e)0(x) for all x < xi(e). Since / € RV fa), it follows that G RV fa) 
and therefore that h := 4> o F" 1 G RV 0O (-/3/(/3 - 1)). By (|X5| , we have that 
there exists Ti(e) > such that h(t) < e 1+ ^/^ _1 ) #(t) for i > Ti(e). Also, as 
/i G RVoofa/3/fa - 1)), we have that h(et)/h(t) -> as i -> oo. Hence 

there exists T 2 (e) > such that h(et) < 2e~ f) /^-^ h(t) for t > T 2 (e). Define 
T(e) = 1 + max(T 1 (e),T 2 (e)) and 
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Also define 

x L {t) =F-\e(t-T)+F{x{T)/M)), t>T. (4.8) 

Since M > 1, we have x L (T) = x(T)/M < x(T). Also, the definition of M 
implies that x(T)/M < xi(e)/2. Since xl is decreasing on [T, oo) it follows that 
x L (t) < x(T)/M < xi{e) for t > T. Hence for t > T, 

f(x L (t)) < (1 + e)<f>(x L (t)) = (1 + e)h(e(t - T) + F*), 

where F* := F(x(T))/M. Since M > x(T)/F~ 1 (eT) and F is decreasing, we have 
eT < F*. Therefore for t > T we have e(t — T) + F* > et. Since h is decreasing, 
we have h(et) > h(e(t - T) + F*). Therefore 

f(x L (t))<(l + e)h(et), t>T. 

We note by definition that xl is in C 1 (T, oo) and x' L (t) = —ef(xL(t)) for t > T. 
Then for t > T, we get 

x'dt) = -f(x L (t)) + (l-e)f(x L (t)) < -f( XL (t)) + (l-e 2 )h(et) < -f(x L (t)) + h(et), 

Let t > T. Since T > T 2 , we have that h(et) < 2e~^/^^h{t) and as T > T x we 
have h{t) < e 1+/3/ ^" 1) .g(i). Therefore as e < 1/2 we have 

x' L (t) < -f(x L (t)) + h(et) < -f(x L (t)) + 2e-P/^h(t) < -f(x L (t)) + 2eg(t) 
<-f(x L (t))+g(t) 

for t > T. Therefore we have that XL(t) < x(t) for t > T . Since x(t) — > as t — > oo, 
and there exists 6i > such that F(x) > for all x < 6i, it follows that there is 
T' > such that x(t) < <5i for t > V and therefore F{x(t)) > for t > V . Hence 
for t > max(T',T) we have < F(x(t)) < F(x L {t)) = e(t~T) + F*. Therefore, we 
get 

„ ,. . r F(x(t)) F(x(t)) 

< liminf v v " < limsup v v " < e. 

t->oo t t-yoo i 

Letting e — > + finally gives (|2.9p . as required. 

Suppose now that /or 1 e RV 0o (-l) andF" 1 € RVoo(O). Since f(x)/<f>(x) -> 1 
as a; — » + and — > as i — > oo, we have 

Hence /i = <^o F" 1 e RVoo(-l). Let e e (0,1/2). By (|2T8]> . we have that there 
exists Zi(e) > such that h(t) < e 2 g(t) for £ > T x (e). Also, as ft € RVoo(-l), 
we have that h(et)/h(t) — > e" 1 as i — > oo. Hence there exists 12(e) > such that 
ft(ei) < 2e- x /i(t) for f > T 2 (e). Define T(e) = 1 + max(Ti (e), T 2 (e)). Now define M 
and Xl as in (|4.7[) and (|4. 8[) . Proceeding in a manner identical to that used in the 
case when /3 > 1, we can show that once again that 

x' L (t) < -f(x L (t)) + g{t), t > T; x L {T) < x(T). 

Therefore, we have that XL,{t) < x(t) for t > T, and proceeding as in the case when 
f3 > 1, it can once more be shown that (|2.9p holds. 

4.4. Proof of Theorem [5j We prove part (i). Since / € RVo(/3) there is an 
increasing tp € C 1 (0,oo) such that 

l im M = l, l im ^M =/3 . (4.9) 

Since g 6 RVoo(— #) and > 0, there exists a decreasing 7 G C 1 (0, 00) such that 

hm 4^1 = 1, l im M!) = _0. (4.10) 
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STEP 1: An estimate deriving from (|2.8[) : We will show that (|2.8[) implies 

lim = o. (4.11) 

Since g(t)/j(t) -t 1 as t -> oo, we have from (|2.8p implies f(F~ 1 (t))/'y(t) -> as 
f -> oo. Thus for every e € (0, 1), there exists T(e) > such that f{F~ 1 (t)) < ey(t) 
for all t > T(e) or e -1 /^ -1 ^)) < 7 (t) for all i > T(e). Since 7 is decreasing, -y" 1 
is also, and therefore ^ {f 1 /{F- 1 (t))) > t for t > T(e). Thus 

* ^-KW°F-i){t)) 



7- 1 (/°^ 1 )(t) 7- 1 ((/°^- 1 )W) 
Since / € RV (/3), it follows that /of- 1 g RVoo(-/3/(^-l)). Thus (foF- 1 )^) ->■ 
as t — > 00. Also, as 7 € RV 00 (— 8) and 7 is decreasing, we have that 7 _1 € 
RV o (-l/0). Therefore 

Um 7- l r 1 -r) =el/0- 
x^o+ 7 1 (a:) 

Therefore 

lim sup — 7—- — — : . , . < e ' . 

J- l (foF-^(t) ~ 

Since e > is arbitrary, we have 

hm — ■—— 7——— = 0, 

t->oo 7 -i(/oF- 1 )(() 

or 

hm = +00. 

t— >oo t 

Since -> as t -> 00, we have f{F- 1 {t))/<p{F- 1 {t)) -» 1 as f -> 00, and 

therefore, because 7 -1 e RVo(— 1/0), we have 

Um 7- 1 (/(F- 1 ft))) =1 

t^oo 7 ~l(^-l(i))) 

Hence 

1 , m 7- 1 ((^^))W =+0O . 

Since (95 o F _1 )(f) — > as f —> 00 and 92 o F^ 1 is invertible with inverse F o ip^ 1 we 
get 

lim 7 , . . , = +00. 

x->o+ (F o ip- 1 )(x) 

Since / G RVo(/3) and /3 > 1 we have that 

F(x) 1 



lim 



x ^o+x/f(x) P-V 
and hence 

lnn-^ = J-. 

a;^0+ X/ip[X) p — 1 

Since (p~ 1 (y) — > as y — »• + we have 

(Fo^Xy) 1 



lim 



y^o+ (p- 1 {y)/y P-l' 
Hence 

hm = hm • = +00. 

z->0+ 99 L (x)/X X-S.0+ (;9 _i (x)/x [F O if L j(X) 

Since 7 (t) — > as t — > 00, we arrive at 

hm — — rm — rr = +00, 

t-»oo V -l( 7 (t))/ 7 (t) 
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which implies (|4.1ip . as required. 

STEP 2: Lower bound. We determine a lower bound on the solution. Let 
e€ (0, 1). Then, there exists Ti(e) > such that 

.**<•>. 

Also, for every e € (0, 1/2) there exists xi(e) > such that 

44<l + e, x<x x {e). 
ip[x) 

Define T 2 (e) = sup{t > : x(i) < Xi(e)/2}, T(e) = 1 + max(T 1 (e),T 2 (e)) 5 and 

A^:= 7 - 1 (^(2- 1 a; (T( e )))) >0. 

Finally, define 

=V _1 + , t>T(e). 

Then as p^ 1 is increasing, and 7 is decreasing we have 

x L (T(e)) = ^ (^7(T( £ ) + K e )\ < ^ ( 7 (T(e) + K e )) 
< tp- 1 ( 7 (A e )) = (<p(x(T(e)/2)) = x(T(e))/2 

For f > T(e) we have that a; L (t) < x L (T(e)) < x(T(e)) and because T(e) > Ti(e) 
we get x(T(e)) < Xi(e)/2 < Xi(e). Therefore for i > T(e), we have Xi(t) < Xi(e). 
Thus 

Hence by the definition of xl, and the fact that 7 is decreasing, we have for t > T(e) 

f(x L (t)) < (1 + = (1 - e) 7 (f + A £ ) < (1 - e) 7 (t) < <,(*). 

Since 9s G C^O.oo), cp'(x) > for all x > 0, 7 G ^(0,00) and 7 '(i) < for all 
t > 0, we see that x' L (t) is well-defined for all t > T(e) and is given by 

Therefore we have 

x' L (t)<-f(x L (t))+g(t), t>T(e), 

and since xl(T(e)) < x(T(e)), we have that Xi,(i) < x(t) for all t > T(e). Since ip 
is increasing, we have tp(xL(t)) < tp(x(t)) for all t > T(e). Hence 

^(x(t)) > I^| 7 (t + JjQ, t>T(e). 

Since 7 G RV 00 (— 0), it follows that 7 (i + K e )/j(t) -» 1 as t -> 00. Therefore 

liminf^#>l^. 

Letting e — > + and recalling that f(x)/<p(x) — > 1 as x — > + and g(t)/j(t) —> 1 as 
t — > 00, we arrive at 

l im inf > 1. (4.12) 

t^oo g(t) 
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STEP 3: Upper bound. We need a limit superior to companion (|4.12l) . For 

every e £ (0, 1/2), there exists xo(e) > such that 

fix) 

l-e< ^-4 < 1 + e, x<x (e). 
cp{x) 

Let M c := 1 + e > 1. Since x(t) — > as t —> oo, and ip(x) — > as x —> + , it follows 
that there is Tb(e) > such that 

M 6 y?(i(i)) < — 1 + 2e ' 1 - T °( e >- 

Since g{t)/^f{t) — > 1 as i — > oo, there exists Ti(e) > such that 

+ «>T l(e) . 

By (14.101) , there also exists T 2 (e) > such that 

Furthermore, by STEP 2, there exists a T 3 (e) > such that 

By (|4.9[) . we have that xp' (x) / ip(x) — > /3 as x — » + . It therefore follows that there 
exists xi > such that 

ip(x) 2 

< — , X < Xi. 



Xif'(x) P 

Since <p(x(t)) —> as i — > oo there exists 24(e) > such that 

M e <p(x(t)) < \l{T 2 {e)), t > T 4 (e), 
and T5 (e) > such that 

MM<t)) < ll^±<p(xi), t > T 5 (e). 
Since (p -1 £ RVo(l//3), there exists x 2 (e) > such that 



<2 , x<x 2 (e). 

Since <p(x(i)) — > as f — > 00, there exists T 6 (e) > such that 

M e <p(x(t))<x 2 (e)/2, t>T 6 (e). 
Since (|4. 1 1[) holds, it follows that there is Tr(e) > such that 

Py(t) 2 4!//3(40 + 2)//3' " n; ' 
and because <p(x(t)) — > as t — > 00 we have that there exists T$(e) > such that 
M e <p(x{t)) < 7(2V(e))/2, * > T 8 (e). 

Now dehne 

T(e) = l+max(T (e),T 1 (e),T 2 (e), T 3 ( e ),r 4 (c), T 5 (e),T 6 (e),T 7 (e) ) T 8 (e)), 
and with </?i(e) := ip(x(T(e))), we have 



x^t) - V ~ l (^^7(* - + 7 - 1 (A^i(e)))) • 



* > T(e). 
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Since <p is increasing and M e > 1, it follows that 

Xu {T{e)) = (^"%(*(T(e)))) > v-\<p(x(T(e)))) = x(T(e)). 
Since T(e) > T (e), have that 

Therefore 

¥> _1 (^|M e ^(T(e)))j < so(e), 

so X[/(T(e)) < x (e). Hence X[/(i) < x (e) for all t > T(e). 

We start by estimating —f(xu(t)) + g(t) for all f > T(e). Since Xt/(t) < Xo(e) 
for all i > T(e), we have 

-(1 - e)ip(xu(t)) > -f(xu(t)) > -(1 + e)<p(xu(t)), t > T(e). 

Define <£i(e) := <^(x(T(e))) and 

c:=T(c)- 7 - 1 (M eVl (e)). 

Since t > T(e) > Ti(e), by the definition of %, we have 

< -(l-eM^(i)) + (l + e) 7 (i) = -(l + 2e) 7 (i-c) + (l + e) 7 (i). 

Since f > T(e) > T 3 (e), we have pi(e) = ^(x(T(e))) > 7 (T(e))/M e . Hence 
7" 1 (M e ^i(e)) < T(e). Thus c = T(e) - T^M^e)) > 0. Moreover T(e) = 
c + 7 _1 (M e <pi(e)). Hence for t > T(e), we have t — c > and so 7 (t— c) > 7 (t) for 
all i > T(e). Therefore for all i > T(e), we have 

- /(x^t)) + < -(1 + 2e) 7 (t - c) + (1 + e) 7 (i) 

< -(1 + 2e) 7 (t - c) + (1 + e) 7 (i - c) = -ery(t - c). (4.13) 

We now seek to estimate x[j(t) for all t > T(e). Since ((p~ 1 )'(x) = l/ip'(ifi~ 1 (x)), 
for t > T(e) we have 

or 

aU l-e :d,(*MM*)) i-c ¥>(M*)) 7 (t-c) 71 J ' 

Since T(e) > T 5 (e), we have that 

M e ^(x(T(e))) < li^^). 

Also 

<^(x a (T(e))) = l±^M £ ^(x(T(e))) < ^(xx) < tp( Xl ), 
so xu{T(e)) < xi. Hence < xi for all t > T(e). Hence 



Since <£(xc/(*)) = (1 + 2e)/(l - e) 7 (t - c) for f > T(e), we arrive at 

17 W /3 (t-c) 7 (*-c) 7 (*-c) 

Now for f > T(e), we have i - c > T(e) - c = 7 - 1 (M e </? :L (e)). Since T(e) > T 4 (e) > 
T 2 (e) we have ip(M e ip(x(T(e)))) < 7 (T 2 (e))/2. Hence M e y>i(e) < 7 (T 2 (e)). Hence 
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7- 1 (Af e ^i(e)) > T 2 (e). Thus for t > T(e), we have t-c> ^{M^e)) > T 2 (e). 
Hence 

- "-f:" <» + , t> m . 

y(t - c) 

Thus 

2(g + £ ) y- 1 ((l + 2 e )/(l- e ) 7 (f-c)) 
X£/W< /3 ( t _ c ) 7 (t_ c ) ™ 

Next, we note for t > T(e) that t - c > 7 ~ 1 (M e <^i(e)). Thus j(t - c) < M e ^i(e). 
Since T(e) > T 6 (e), we have that M e y>(a;(r(e))) < x 2 (e)/2 < x 2 (e), or M e ^i(e)) < 
x 2 (e). Thus for all t > T(e) we have j(t — c) < x 2 (e). Hence 



^(^(t-c)) / 1 + 2e 



1//3 

< 2 ' ' 



Hence for i > T(e), we have 

-^)<V^- (/- C)7(t - C ) ^-c), 

and so as e < 1/2, we have 

_ lWtH l(^(^)'^ | M. 7(( _ c) 



J+2 4W r'Mt-.)) ;. 7(t _ e) 



40 

~£ (t - c)j(t - c) 

Since f > T(e), wehavet-c > T(e)-c = 7~ 1 (Af e ^i (e)). Since i > T(e) > T 8 (e), we 
have that M e y>(x(T(e))) < 7 (T 7 (e))/2 < 7(T 7 (e)). Hence 7- 1 (M e¥ > 1 (e)) > T 7 (e), 
and so i - c> T 7 (e) for all t > T(e). This yields 

(«- C ) 7 (t-c) 2 4^2 4 i /(3 ' - I 

Hence for t > T(e) we arrive at 

P {t~ ch(t - c) 2 

Using this inequality and (I4.13[) . it follows for t > T(e) that 

> -^7(i - c) > -e7(t - c) > -f(xu(t)) + g(t). 

Since a;t/(T(e)) > ;z(T(e)), we have that > x(t) for all f > T(e). Therefore by 

the definition of xu, we get 

<p(x(t)) < <p(xu(t)) = ^-^ 7 (< - c), i > T(e). 
1 — e 

Since 7 s RVoo(— it follows that j(t — c)/y(t) — > 1 as t — > 00. Therefore 

y(xft)) l + 2e 

hmsup -— < . 

t^oo 7(1) 1-e 

Letting e — > + , and recalling that x(t) — > as t — > 00 and that f(x)/tp(x) — > 1 as 
a; — > + , we get 

limsup ,Y < 1. 

t^oo 7(t) 

Since y(t)/g(t) — > 1 as t — » 00, we have 



lim sup 



/(£M< L 
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Combining this limit with (|4.12p yields (|2.10j) . as required. 

We now turn to the proof of part (ii). It is assumed that g is asymptotic to a 
decreasing function; this function must be positive. Call it 71. The fact that g is 
slowly varying implies that there exists a positive function 72 G C' 1 (0, 00) such that 
g(t)/j2(t) 1 a s t — > 00 and tj' 2 (t)/j2(t) —> as t — > 00. We note that the estimate 
(14. lip derived in STEP 1 holds, with 71 in the role of 7 even though the proof above 
does not apply in the case 8 = 0. In fact, in this slowly varying case, the proof is 
much easier. Since 71 G RVoo(O) and <p G RVo(/3), we have that ip~ 1 oj 1 G RVoo(O). 
On the other hand, t M> tji(t) is a function in RVoo(l). Therefore we have that 

t p _1 (7i(*))/(*7i(*)) is in RVoo(-l). Thus p -:l (7i(*))/(*7i(*)) -» as t -> 00. 

We start by establishing a lower bound on the solution of (11.11) . just as in STEP 
2 above. Since g(t)/ji(t) — » 1 and g(t)/j2(t) — > 1 as t — > 00, we have that 
72W/71W -> 1 as f 00, and so ¥> _1 (72(i))/^ _1 (7i(*)) — > 1 as t — > 00. Hence 

Dm = 0. 

We construct the following estimates. Let e € (0, 1/4). Then there exists Ti(e) > 
such that 

4r>^T> l- e <^<l + e , t>T 1 ( £ ). 
7iW l + c/2' 7iW ~ U ; 

Since X(p' (x) / <p(x) — > (3 as x — > + and f(x)/ip(x) — > 1 as x — > + , for every 
e G (0, 1/4) there exists xi(e) > such that 

^ < 1 + e, x < xi(e) 



cp(x) 

and there is an x 2 > such that 



w(x) 2 

< — , X < x 2 . 



xip'(x) /3 

Since </5 _1 (7 2 (i))/(i7 2 (i)) — ► as i — ?> 00, we have that there exists T 2 (e) > such 
that 

**(t) < W' " 2(e) - 

Since 71 (t) — > as i — > 00, there exists Ts(e) > such that 

7i(i) < v(«a), 7(*)<V(*i(e)), < > T 3 (e). 

Since 72 obeys t7 2 (t) /72(t) -> as t -> 00, it follows that there exists T^e) > a 
such that 



... <v^, t>T 4 (e). 
72 W 

Define T(e) = 1 + max(Ti, T 2 , T 3 , T 4 ). Finally, define 

X = 7 f' (v(a:(T)/2)) > 0, 
(so 7l (if) = (p(x(T)/2)) and 

.-1/ 1 



For t > T, we have 72 (i + if) < (1 + e)7i(t + if ) < (1 + e)7i(if). Thus as ^ is 
increasing, we have 

x L (T) < ip- 1 Ll^L-rtK)} < (li(K)) = x(T)/2 < x(T). 
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For t > T > T 3 , we also have 

x L (t) < ip- 1 ^-l—^^t + K)^ < V - 1 ( 7 i(T)) < zi(e), 

and also 

x L (t) < y- 1 { 11 {T))<x 2 . 
Since K > 0, for t > T by the definition of £l and the monotonicity of 71 we have 

f(x L (t)) < (1 + e)^(x L (t)) = jl^72(t + K)< ^7i(* + ^) < YT771 W- 

On the other hand, for f > T we have 

g(t) > 1 - 1 7i(t). 

Hence 

f(x L (t)) - ,(*) < (1 - e) - -L^} 7 rW = -^) 2{1 + l m \ 1 + e y 

Since e € (0, 1/4), we have that 

1 -e 4 

> 



2(l + e/2)(l + e) 15' 
Therefore 

/(aJL(t))-fl(t)<-e~7i(*), *>^- 
On the other hand, since ajj, € C 1 (T, 00) and has derivative given by 

1 - e 
(TTef 

using the definition of xl we have for t >T 



x' L (tMx L (t)) = -— — r/ ' 2 (t + K) 



L[} x L {t)<f?{x L {t))' ^{ l2 {t + K)) 

v , ^- 1 (72(t + ^)) (t + K)i 2 {t + K) 



I2{t + K). 



{t + K) l2 {t + K) l2 {t + K) 

Since < a>i(e) for t>T, the first factor is bounded above by 2//3. Since (p" 1 

is increasing, the second factor is bounded above by unity. Since t + K > t > T, 
the absolute value of the fourth factor is bounded by yfe. Hence 

K{t)] ~ P ' (t + K h2 (t + K) ■ ^wnq 

and as ^{t + K) < (1 + e)7i(t + K) < 5 / 4 ■ 7i(i + K) and 71 is decreasing, we have 
l ^ (t)l ^ (t + ^)72ft + ^ '^- 7lW - 



Since t + K>t>Twe have 



^ 1 (72(t + ^)) < 



(t + X) 72 (t + ^) 20//3' 



so 

e 



Hence for t > T we have 



-x' L (t) > -| 7 iW > -c • ^7i (*) > f(x L (t)) - g(t). 
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Hence 

x' L (t) <-f(x L (t))+g(t), t>T; x(T)<x L (T). 
Thusx L (t) < x(t) for t > T. Hence <p(x(t)) > <p(x L (t)) = (1- e)(l + e)" 3 7 2 (t + K). 
Therefore as 72 (t + K)/-f 2 {t) — > 1 as t — > 00, we have 

liminfM^ > (l-e)(l + e)- 3 . 

t-Kx> 72 (t) - 

Letting e — > + and noting that f{x)/ip{x) — > 1 as a; — » + and 3(^/72 (i) — > 1 as 
i — > 00, we have 

liminf^#>l. 

To obtain the upper bound, set m = 4 1+2 /' 3 //3, let e € (0,1/2) and define 
M € — 1 + e. There exist xo, xi and x 2 such that 

/(*) 



1-e < 



-1 f(i- 



ip{x) 
fix) 

X<p'(x) ft 



< 1 + e, x < xo(e), 
2 



< 



x < X\, 



+2e) 



-0 



tX 



if 1 (x) 



< 2 



f + 2e 
1-e 



2//3 



x < x 2 (e). 



For every e G (0, 1/2), there exists a Xi(e) such that 

|^<(i + e ) 2 , i-e<^<i + e, *>T l( e). 
7i W 7i w 

Similarly, for every e G (0, 1/2), there exists a T 2 (e) such that 

Hit) 



72 (t) 



< >/c, * > 22(e). 



From the lower bound, there is Ts(e) > such that 

~i^W Y+l ~ m' *- T3(e) ' 

Since (p(x(t)) — > as f — > 00, we may define 14(e) > such that 

Mp(s(t)) < i 7 i(Ti(e)), M^xfi)) < ^7i(r 2 (c)), * > T 4 (e), 
and similarly there is a T 5 (e) > such that 



<p{x(t)) < 



1 - e 



1 



2 V(l + e)(l + 2e) 



(^(x Axi), i > T 5 (e). 



Furthermore, there exists T 6 (e) > such that 



^f><^, t>n (e) . 

£72 (*) m 
We define T 7 (e) > such that 

M^(x(t)) < i 7l (T 6 (e)), t>T 7 (e). 
Since 7 2 (i) — >• as t — > 00, there is T 8 (e) > such that 

72 (t)<^x 2 (e), t>T 8 (e), 
and finally there is a Tg(e) > such that 

Mip(x(t)) < ^7i(r 8 (e)), i>T 9 (e). 



30 JOHN A. D. APPLEBY AND DENIS D. PATTERSON 

Define T = 1 + max.j—i i ... i QTj(e), K := 7l ~ (M<p(a;(T))) (suppressing here the e- 
dependence) and define 

xu{t) = ( {1 {1 + _ 2 ^ 72ft - T + A")) , i>T. 

Since T > T 3 (e), we have 71 (AT) = M<p(x(T)) > 71 (T), and because 71 is decreas- 
ing, we have that K <T. Define c := T - K > 0. 

Since T > T 4 (e), 7l (if) = M<p(x(T)) < 7l (Ti(e))/2 < 7 i(7i(e)), so X > Ti(e). 
Thus 72 > (1 — e) 7 i(if). Hence as tp^ 1 is increasing and M > 1 we have 

x u{T) - p" 1 (^^W)) > ^ ( (1 1 + _ 2 f ^(^)) > V _1 (7i (K)) > x(T). 

For t >T, we have t -T + K > K > Ti(e), so 72 (i - c) < (1 + e) 7l (t - T + if) < 
(1 + e) 7 i(if). Thus for f > T we have 

xu(t)<<p y (l- e )2 ( 1 + £ )7i(^) J =y (I - ^ ( 1 + e M x ( T )) 

Since T > 15(e), the argument of ip^ 1 is less than ip(x (e)) and also less that <p(xi). 
Therefore 

xjj(t) < x (e), x v {t)<xi, t>T. 
Hence for t > T, we have 

f( Xu (t)) > (1 - eMxu(t)) = (l 1 +2e)2 72 (t - c). 

1 — e 

Since t>T,t — c>T — c = K> Ti(e), we have 72 (t - c) > (1 - e) 7 i(i - c). Hence 
for t > T, we have 

/(£[/(*)) > (1 + 2e) 2 7l (i - c) > (1 + 2e) 2 7l (t) 
as c > and 71 is decreasing. Since t >T > Xi(e), we have <?(t) < (1 + e) 2 7 i(i), so 
-f(xu(t))+g(t) <{-(! + 2e) 2 + (1 + e) 2 } 7l (i) - -2e(l + 3e/2) 7l (i) < -2e 7l (i). 
Next, we can use the definition of xjj to obtain the identity 

'(t) ( l + 2e \ 2 _1 {t-c)i 2 {t-c) x v {t) 

for t > T. For t>T,t — T>K = ^ 1 (Mip(x(T))). Since T > T 4 (e), Mip(x(T)) < 
7i(T 2 (e)), so if > T 2 (e). Thus t > T implies t - c> T 2 (e). Hence 

(t-c) 72 (t-c) 



72 (t - c) 

and because xjj{t) < x\ for t >T, we have 



< \/e, t >T, 



a;t,(*MM*)) 

Using these estimates and the definition of , we obtain 

K(t)\<lVe ,} * u{t) l2{t-c), t>T, 
P 7 2 (* - c) i - c 

and again using the definition of xjj we have 

/3 (i-c) 72 (t-c) p 1 (72(i-c)) 
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For t > T, t-c > K. Since t > T 7 (e), Mtp{x{T)) < 7 i(T 6 (e)), so K > T 6 (e). Hence 
t > T implies t — c > T 6 (e), we obtain 

f^t -c)) t £ t > T. 
(t — C)i2\t — c) m 

For t > T, t-c > K. Since t > T 9 (e), Mip{x(T)) < 7 i(T 8 (e)), so K > T 8 (e). Hence 
t > T implies t — c > T 8 (e), so we have 72 (t — c) < x 2 {e)j2 < x 2 {e) and therefore 



- 1 ((^) 2 72(i-c) 



< 2 , t>T. 



<p-^{ l2 {t-c)) \l-e 
Using these estimates, we get 

Since e < 1/2, c > 0, 71 is decreasing, by the definition of in, we get 

K(t)\ < _L e42 /,2^ . 7l(t) = e ^_A . 7lW , t > T . 

pm 71(1 — c 7 i(r — c 

For t > T we have t - c > K. Since T > T 4 (e), M<^(x(T)) < 7 i(Ti(e)), so 
K > Ti(e). Hence i - c> Ti(e), which implies 72 (i - c)/7i(i - c) < 1 + e < 3/2 for 
t >T. Hence 

< |e7i(t), t>T, 

so x'^t) > -§7i(i) for t > T. Recall that -f(xu(t))+g(t) < -2eji(t) for f > T. 
Hence 

*t/(*) > -|-yi (*) > -2e7iW > -f(xu(t)) + g(t), t > T, 

and since Xu(T) > x(T), it follows that > x(t) for t >T. Hence 

^(t)) < if{x v {t)) = (yzf) 7*(* - <0, t > T. 
Since 72 € RVoo(O), we have 

hm sup -— < 

t^oo 72 W V 1 - 6 

and letting e — » + yields 

ip(x(t)) 
limsup ^ ; < 1. 

t^oo 72 (*) 

Since x(i) — > as t — > 00, we get 

limsnp^#<l. 

Combining this with the lower estimate gives f(x(t))/g(t) — > 1 as t — > 00 as re- 
quired. 
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